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On Harmonic Conjugates in Full Algebraic Combinatorial Geometries
BERNT LINDSTROM*
The points of a dense algebraic combinatorial geometry are equivalence classes of transcenden-
tals over a field F in the algebraic closure of a transcendental extension of F. Two transcendentals
represent the same point when they are algebraically dependent over F.
If x and yare two algebraically independent transcendentals over F the points of the algebraic
c1.Q.sure of the field F(x, y) belong to a line. Planes are defined similarly.
By analogy with classical projective geometry, we define harmonic conjugates with respect to
2 points on a line. We prove the existence and uniqueness of the harmonic conjugate of a point
with respect to two other points on a line.
The main tool is a lemma by Ingleton and Main in [3].
1. INTRODUCTION
Given an algebraically closed field F. Let Xl"'" x, be algebraically independent
transcendentals over F, and let F(Xl, ••• , xn ) be the field ofrational functions of Xl> •.. , Xn •
Then the relatively closed subfields of F(xl , ••• , xn ) containing F form a geometric lattice
by [2, Proposition 3.3]. The atoms form a combinatorial geometry of rank n. Obviously
a similar result holds for the algebraic closure of F(xl , ••• , x,). We will call the algebraic
combinatorial geometry in the last case full. Algebraic closure is denoted by a bar.
We will use the geometric language of [2]. Subfields of type F(u) are points, if u is a
transcendental over F. Let ii denote the point to which u belongs. Two points ii and i3
determine a line u, v, which is the setof all points of F( u, v). Similarly, three algebraically
independent transcendentals over F determine a plane denoted by u, v, w.
The points, lines and planes of a full algebraic combinatorial geometry satisfy the
following properties:
PI. Any two distinct points p and ij determine a unique line p, q with p, ij E p, q.
P2. Any three distinct points p, ij and i, rep, q, determine a unique plane p, q, r with p,
ij, r E p, q, r.
P3. If p, ij E 7T (a plane), then p, q,;; 7T.
P4. Given a plane 7Tl and a line 1,;; 7Tl there is another plane 7T2 with 7Tlll 7T2 = 1. Moreover,
there is an isomorphism cp: 7Tl ~ 7T2 which preserves incidence between points and lines.
P5. If 11, 12 and 13 are three distinct lines, which are pairwise coplanar, but not all three
belong to a plane. Then the three lines will meet in a unique point.
Properties P1-P3 hold in any combinatorial geometry of rank at least 3. The last two
properties are satisfied by full algebraic combinatorial geometries and also by projective
geometries of rank > 4. To see that P4 holds for algebraic geometries let w.l.g. 1= X, Y
and 7Tl = X, y, z. Choose a transcendental u e F(x, y, z) (=the algebraic closure of
F(x, y, z». Let 7T2 = -.x,-y,-u, the plane of F(x, y, u). Now 7Tlll 7T2 = x,-y, the line of F(x, y).
The identical map of F(x, y) can be extended to an ismorphism tp : F(x, y, z) ~ F(x, y, u)
by Corollary 4.2.8 of [1]: if k is a field, then every two algebraically closed extension
fields of k of the same transcendence degree over k are k-isomorphic. The mapping cp
preserves algebraic dependence over F and then also incidences between points and lines
(three points p, ij, r are collinear if and only if f(p, q, r) = 0 for an irreducible polynomial
containing all three variables explicitly).
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Property P5 is an important result by Ingleton and Main in [3]. It holds for full algebraic
combinatorial geometries; the proof depends on the assumption that the fields are
algebraically closed.
Note that two coplanar lines need not intersect in a point. Consider e.g. the lines x, y
and xz +y, z in the x, y, z-plane. This example is discussed in full in [6].
It is interesting to see that the (n -I)-dimensional projective geometry over F is
embedded in the flat Xl>"" x, by mapping (al>"" an) ~ a\x\ +... + anxn, where
al>"" an E F. This is essentially Theorem 11.2.1 of [8].
I take the opportunity to mention that the converse of Desargues' theorem holds in
full algebraic combinatorial geometries (see [6]). On the other hand Pappus' theorem
does not hold when the characteristic of the field is 2 (see [4]). It would be interesting
to know if Pappus' theorem fails also when the characteristic is distinct from 2.
2. ON HARMONIC CONJUGATES
In classical projective geometry the following construction gives the harmonic conjugate
A' of a point A with respect to two other points V and W on a line I (cf. Figure 1). Choose
a point P outside the line 1. Let Q be a point on the line PA distinct from P and A. Let
the lines VQ and WQ intersect the lines WP and VP in Q' and P', respectively. Then the
line P'Q' will intersect the line I in the point A'.
FIGURE 1.
We consider a similar construction in full algebraic combinatorial geometries. Let F
be a field and X, y, z algebraically independent transcendentals over F. Let K be the
algebraic closure of the field F(x, Y, z) and consider the full algebraic combinatorial
geometry G of K
Let v and wbe two points of G. A point ii E V, W is harmonic with respect to v and w
when there are points p, p', ij, ij' E G which satisfy the relations indicated in Figure 1
with V = v, w = w etc., except that the point A' is not assumed (we shall prove that A'
exists below!). The point A' is called a harmonic conjugate of A= ii w.r.t. V and W, when
it exists. Note that A is harmonic conjugate of A' w.r.t. V and W.
EXAMPLE. XT)i and X - yare harmonic conjugates w.r.t. i and y (cf. Figure 2).
THEOREM. Let ii, v and w be three points in G, ii E V, w. Assume that ii is harmonic
w.r.t. v and w. Then there is a unique harmonic conjuate ii' of ii w.r.t. v and w.
PROOF. We assume that we have a realization of Figure 1 in G (except A'). Let I = v, W,
71"\ = X, y, z. By property P4 (Section 1) there is a plane 71"2 in a full algebraic extension
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FIGURE 2.
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of G, 71"1 n 71"2 = I and an isomorphism q;: 71",-+ 71"2 such that 71"11 is the identity. Let q;(p) = ii,
q;(b) = e, q;(c) = g, q;(d) = 1. Then we have the relations indicated in Figure 3. Note that
the lines p, u, ""b,"e, d,j satisfy the conditions of P5. These lines therefore meet in a point
Ii. Similarly, the lines p, u, b, e, c, g meet in a point k = ii obviously. It follows that c, il,
J. g are coplanar. Now v, w, c, d, f, g satisfy the conditions of P5. We conclude that the
lines meet in ii' E V, W, which is then a harmonic conjugate of ii w.r.t. v and w.
It remains to show that the point ii' is unique. Suppose another construction gave a
point ii". Then we may combine both constructions in two intersecting planes like 71", and
71"2 of Figure 3, and ii' = ii" follows with the aid of P5 as before.
COROLLARY. The matroid depicted in Figure 4 is non-algebra ic.
PROOF. The picture tells two contradictory things if there is an algebraic realization
embedded in a full algebraic combinatorial geometry: (1) the harmonic conjugate of ii
is distinct from ii, (2) ii is selfconjugate. Therefore the matroid cannot be algebraic. For
another proof see [5].
REMARK. Selfconjugate points can exist only when the characteristic of the fields is
2. For in such a case we have an algebraic representation of the Fano matroid, and such
a representation exists only for characteristic 2 by the main result of [7].
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FIGURE 4 .
It is an open problem to find all pairs of harmonic conjugates with respect to oX and
y. Two examples are (x +y, x - y) and (xy, x/ y). A third example is the pair
( x +Y , x - y ). More complicated examples can be found with the aid of the additionl+xyl-xy
theorems for elliptic integrals.
REFERENCES
1. J. R. Bastida, Field Extens ions and Galois Theory, Addison Wesley, Reading, MA, 1984.
2. H. Crapo and G.-C. Rota, Combinatorial Geometries (prel, ed.), M.LT. Press, Cambridge, MA, 1970.
3. A. W. Ingleton and R. A. Main, Non-algebraic matroids exist, Bull. London Math. Soc. 7 (1975), 144-146.
4. B. Lindstrom, The non-Pappus matroid is algebraic, Ars Combinatoria 16-8 (1983), 95-96.
5. B. Lindstrom, A simple non-algebraic matroid of rank three , Utilitas Mathematica 2S (1984), 95-97 .
6. B. Lindstrom, A desarguesian theorem for algebraic combinatorial geometries, Combinatorica (to appear).
7. B. Lindstrom, On the algebraic characteristic set for a class of matroids, Proc. Amer. Math . Soc. (to appear).
8. D. J. A. Welsh, Matroid Theory, Academic Press, London, 1976.
Received 16 April 1984
BERNT LINDSTROM
Department of Mathematics, University ofStockholm,
Box 6701, S-l13 85 Stockholm, Sweden
CORRECTION (added in proof)
An important restriction on the isomorphism q; in P4 has dropped out: the restriction of
q; to 'lTI n 'lT2 is the identity map. The problem on Pappus' theorem at the end of Section
1 is now solved for all characteristics.
